Abstract: We study compactification of five dimensional ungauged N = 2 supergravity coupled to vector-and hypermultiplets on orbifold S 1 /Z 2 . In the model, the vector multiplets scalar manifold is arbitrary while the hypermultiplet scalars span a generalized self dual Einstein manifold constructed by Calderbank and Pedersen. The bosonic and the fermionic sectors of the low energy effective N = 1 supergravity in four dimensions are derived.
Introduction
Compactification of the five dimensional N = 2 supersymmetry on singular space S 1 /Z 2 has achieved phenomenological interest since it provides N = 1 supersymmetry in four dimensions. Furthermore, four dimensional N = 1 vacua for the supersymmetric versions of the two branes Randall-Sundrum scenario of the five dimensional N = 2 supergravity has been obtained in [1] . In this scenario one places two 3-branes with opposite tension at the orbifold S 1 /Z 2 which is the boundaries of (4+1)-dimensional Anti de Sitter spacetime. The distance between the branes is set by the expectation value of a modulus field, called radion. Furthermore, starting from the simplest model, namely pure supergravity theory one can derive the effective N = 1 theory as it was shown in [2] .
A model consists of single hypermultiplet whose moduli space of toric self-dual Einstein (TSDE) in five dimensional N = 2 supergravity has been studied to construct domain wall solutions [3] . They investigated the associated supersymmetric flows to prove the existence of domain walls which admit Randall-Sundrum flows.
However, in this model, the Kähler subspace of the TSDE is still unclear. The purpose of this paper is to obtain a four dimensional N = 1 theory via S 1 /Z 2 compactification of the five dimensional N = 2 supergravity coupled to arbitrary vector multiplets and a hypermultiplet which is chosen to be a generalized self dual Einstein manifold admitting torus symmetry constructed by Calderbank and Pedersen [4] . Our aim is to find the Kähler subspace of toric self dual Einstein (TSDE) spaces.
Our starting point is the five dimensional N = 2 supergravity coupled to arbitrary vector multiplets and a hypermultiplet. First, the theory can be compactified down to four dimensions along an S 1 of radius R parametrized by x 5 , resulting in a nonchiral four dimensional N = 2 theory. However, we are interested in the chiral four dimensional N = 1 theory. Second, to obtain a chiral four dimensional N = 1 theory, we consider compactification of the x 5 coordinate on the S 1 /Z 2 orbifold. The Z 2 action is as usual x 5 → −x 5 and two fixed points are at x 5 = 0 and x 5 = πR. We begin to mod S 1 by Z 2 . In order the reduction to be consistent, we must first make a certain parity assignment to the fields such that the Lagrangian is invariant under x 5 → −x 5 . Then, when S 1 is modded out by Z 2 , only the even parity fields survive on the two fixed points.
The paper is organized as follows. Section 2 briefly reviews the ungauged five dimensional N = 2 supergravity coupled to vector-and hypermultiplets. We present the action of the ungauged five dimensional N = 2 supergravity. Section 3 presents a detailed derivation of the compactification of five dimensional N = 2 supergravity coupled to vector multiplets and hypermultiplets. First, we discuss some basic analysis of the S 1 /Z 2 orbifold compactification. The starting point is the bosonic sector of the five dimensional N = 2 supergravity theory. Second, after modding out Z 2 , the odd fields are projected out and the surviving fields fit into multiplets of the chiral four dimensional N = 1 supergravity. The boundary action arising from dimensional reduction can be constructed in a straightforward way and it is obtained by truncating four dimensional N = 1 supergravity according to the Z 2 projection. We present then the resulting of the compactification of the bosonic and the fermionic sector. We conclude our results in section 4. Finally, in Appendices A, B and C we summarize our notation, convention and some of the detailed calculations.
Ungauged five dimensional N = 2 supergravity
This section describes supergravity theory in five dimensions with N = 2 supersymmetry in which a supergravity multiplet is coupled to matter multiplets. The coupling to vector multiplets was given in [5, 6] and the addition of tensor multiplets was considered in [7] . Furthermore, the full couplings of N = 2 supergravity theory in five dimensions was constructed in [8] . 1 
Pure gravitational multiplet
Five dimensional gravitational multiplet consists of the metricĝμν, doublet symplectic Majorana gravitinos ψ î µ and a vector fieldÂμ (graviphoton) [10] . The greek hatted indices are five dimensional space-time indices and run over values 0, . . . , 3, 5. The index i of the gravitinos runs from 1 to 2.
The bosonic part of the action for the gravitational multiplet takes the form:
Furthermore, one can also couple the pure N = 2 gravitational multiplet to arbitrary number of vector-and hypermultiplets. This will be discussed in the next section.
Couplings of vector-and hypermultiplets

The scalar manifold
First, let us describe n V vector multiplets of N = 2 supergravity 2 . We now have n V +1 vector fields A I µ , n V symplectic pairs of gauginos λ ia , and n V real scalars φ x . It is convenient to group vectors with the graviphoton so that the index I = 0, 1, . . . , n V and a = 1, . . . , n V are corresponding flat space indices. The kinetic term of the scalars defines the sigma model:
The vector multiplet scalars φ x , x = 1, . . . , n V , parametrize the target space S where x represents curved indices. The metric g xy can be interpreted as a metric on a Riemannian manifold S called the very special real geometry because it can be viewed as a hypersurface by an n V polynomial of degree three
3)
. Moreover, the gauge coupling of the theory can be expressed as
Restricting to the submanifold we can then write the metric g xy (φ) as: 
Again, g XY is the metric on a Riemannian manifold Q on which the scalars q X are the coordinates and thus X = 1, . . . , 4n H are the curved indices labelling the coordinates. Local supersymmetry further implies that Q has to be a quaternionic Kähler manifold [11] . Thus from the above discussion it shows that the scalar manifold M is a direct product of a very special manifold S and a quaternionic manifold Q:
with φ x ∈ S, q X ∈ Q. We now write the action of N = 2 supergravity which is needed for our analysis 8) where the covariant derivatives are given by
10)
Toric Self Dual Einstein Spaces
Let us now consider the hypermultiplet sector that is four dimensional (n H = 1) which has self dual property beside Einstein spaces. Our choice is the most general space admitting T 2 isometry which has been shown in [4] . The metric has the form
For complete action see [9] . 12) where α = √ ρdφ and β = (dψ + ηdφ). The function f (ρ, η) satisfies the Laplace equation in two dimensional hyperbolic space spanned by (ρ, η)
One takes ρ > 0 and η ∈ R while (φ, ψ) are periodic coordinates. Furthermore, it has positive scalar curvature if f satisfies
Compactification on the orbifold S
1 /Z 2
Analysis of the orbifold transformation
Now we turn our attention to consider the five dimensional supergravity on the orbifold S 1 /Z 2 4 . As we shall see that the five dimensional N = 2 supergravity is reduced to four dimensional N = 1 supergravity.
There are two ways to employ the compactification on orbifold. In the so-called downstair approach, we consider the five dimensional supergravity with
Locally, we still have ordinary the five dimensional supergravity, but on boundary special thing can occur. The boundary consist of two four dimensional space-time, one at x 5 = 0 called M 4 and one at
In the so called upstair approach, we consider the five dimensional supergravity with x 5 on S 1 so that x 5 ∼ x 5 + 2πR and the five dimensional space-time is
The fixed points of O are the points with x 5 = 0 or x 5 = πR, so the fixed points consist of two four dimensional space-time M 4 and M ′ 4 which are the boundary of M 5 up . To get the same picture as in the downstair approach, we demand that the physics should be invariant under the orbifold transformation O. We must in particular have the distance dŝ 2 invariant,
The invariant properties of the distance require that
such that on M 4 and M ′ 4 , we have thatĝ µ5 = 0. Next, we analyze the gravitational part of the five dimensional supergravity action. Under parity transformation, the action become
where R and √ −g are invariant under x 5 → −x 5 . Therefore, we need that the other terms change sign as well.
The transformation ofF I µν can be seen directly from the transformation ofĝ
from which it can be checked that FF-term changes sign:
Finally, we haveÂ
. Since the orbifold S 1 /Z 2 has boundaries at the two fixed points, we have to add the extra terms to the action (2.8) and then get the modified action. First of all, we derive the equation of motion including variation of Ricci tensor. In other words, the derivative of the variation of the metric is not zero on the boundary. In the following we only consider variation of Ricci scalar which give the modified action of the five dimensional supergravity theory on orbifold, and then obtain the modified action of the five dimensional supergravity which can be written as
whereÊ =ĥμν∇μNν is the trace of the extrinsic curvature. In next section we discuss the second term of the above equation.
The variation of the five dimensional Ricci scalar is given by
where we have used
and the metric postulate ∇ρgμν = 0. After plugging (3.9) into (3.8), finally we get
Using Gauss theorem, we can rewrite the last term of (3.10): 12) whereNμ is the normal to the surface. This term is zero because the derivative of the variation of the metric is zero on the boundary. This term modifies the action of the five dimensional supergravity theory on orbifold . Next, after assuming δĝμν is a constant on the surface ∂Σ, then the equation (3.12) can be written down as:
where we have usedĥνρ∇ρδĝμν = 0. The boundaries can be considered as a four dimensional surface embedded in the five dimensional space-time.
We now define a quantityÊ, whose variation equals to the equation (3.13). We haveÊμν =ĥρ µ ∇ρNν,ĥμν =ĝμν −NμNν, (3.14)
From the above equation we see that induced metric on the surface ∂Σ haŝ
The trace of extrinsic curvatureÊ is calculated according tô
where we have used definition of the Christoffel symbol. Now we use the fact that bothĝμν andĥμν are block diagonal
where we have used the fact thatĥν 5 ∂νĝ 55 = 0 since this is a derivative along the surface and that the variation is zero on the surface. The second term of (3.7) comes from variation of the extrinsic curvature (3.17), we get
which is identical to (3.13) apart from the factor two. Here we are working in the massless sector of the theory, where ∂ 5ĝμν = 0 so the second term of (3.7) does not contribute to our action. However if we are working in the massive sector, this term can not be ignored. In the following section we only consider the massless sector to obtain the low-energy effective action of the four dimensional N = 1 supersymmetry theory.
From the bosonic sector analysis, the five dimensional fields can be even (Φ(x 5 ) = Φ(−x 5 )) or odd (Φ(x 5 ) = −Φ(−x 5 )) under orbifold transformation. Note that the odd fields must either vanish or be discontinuous at the fixed points, hence they are not dynamical fields on the submanifolds. Identifying periodicity of the scalar fields in (2.12), Φ → Φ + Φ 0 with Φ ≡ (ρ, η, ψ, φ) and under orbifold transformation Φ → −Φ, we define the fields (ρ, η) are even and (ψ, φ) are odd.
5
The action of Z 2 on the fermion fields and on the spinor parameter ǫ of the supersymmetry transformations is defined as [12, 13] :
5 The odd parity of (ρ, η) is not satisfied in the function F (ρ, η), for example, for
. See [4] .
where
with m 1 , m 2 , m 3 ∈ real functions of q and P(Ψ) = ±, Ψ ≡ (λ, ψ, ε). Decomposing the five dimensional spinor Ψ, and its conjugateΨ, into four-dimensional spinor, and following the convention in [2] it is given by
and
To complete the results of this section, we must first take certain parity assignments to the fields such that the action stays invariant under x 5 → −x 5 . Then, when we mod out Z 2 , only fields of even parity survive on the two orbifold fixed points. The even parity fields are given bŷ
and those of odd parity are given bŷ
where we define ψ
The bosonic sector
In this subsection we derive the low energy effective N = 1 action via compactification of the bosonic part of the action of the ungauged N = 2 supergravity in five dimensions (2.8) on the orbifold S 1 /Z 2 using the analysis above. Under the Z 2 symmetry, the bosonic fields (ĝ µν ,ĝ 55 ,Â I 5 , ρ, η) have to be even, while (ĝ µ5 ,Â I µ , φ, ψ) are odd with respect to the orbifold transformation. The analysis of the orbifold transformation above are similar to S 1 compactification, 6 however all odd fields are ruled out. Using the ansatz,
we find
To put the equation (3.29) back into the canonical form, we perform a Weyl rescaling of the metric which is given by:
So under this rescaling the equation (3.29) becomes:
The four dimensional gravitational constant (1/κ 2 4 ) can be expressed in terms of its five dimensional counterpart as:
The equation (3.31) can be rewritten in the form: 
In (3.33), n V + 1 vector multiplet scalars φ x appear through n V + 1 scalarsĥ I subject to the constraint,
Now we consider the low-energy effective action of N = 1 supergravity in four dimensions. Therefore, we must show that the scalars in (3.33) parametrize a complex manifold of the Kähler type. For that purpose, we define two new complex quantities, T and S:
From this definition, the function f (ρ, η) is replaced by f (S,S) and we get
The Laplace equation (2.13) can be casted into
(3.41)
By substituting (3.36) and (3.38) into (3.33), the action can be rewritten as
The Kähler potentials are denoted by K V and K H which comes from the vector-and hypermultiplets, respectively. We find that
ln(S +S) + 2lnf . (3.45)
The fermionic sector
In the previous subsection we found the effective action for the bosonic sectors with the Kähler potentials is given by (3.45). The rest is to derive the fermionic sectors of the effective four dimensional N = 1 theory. Since the ansatz metric is non-radion background, the fermionic fields do not depend on x 5 and then the integral over the compact dimensions in the action yields just the volume which can be absorbed into the definition of the four dimensional gravitational constant. In other words, it is equivalent to integrate out the massive Kaluza-Klein modes and one keeps only zero modes in the effective description.
Our starting point is the fermionic parts of the action (2.8). The kinetic term of the ψψ-component is given by
It is convenient to combine two symplectic Majorana spinors into one even(odd) Majorana spinor in four dimensions, with the following convention
Using these definitions, we can rewrite (3.46) in terms of even and odd combinations,
The two fixed points require that certain Z 2 -odd fields have a step-function, namely sgn(z = x 5 ). The step function sgn(z = x 5 ) takes values −1 for x 5 ∈ [−πR, 0] and +1 for x 5 ∈ [0, πR]. In order for the reduction to be consistent, we must make an ansatz for the gravitino as follows
where C(x) is an arbitrary function. After subtracting to each component and plugging the ansatz into (3.49) we get
The detailed calculation is presented in Appendix C.
We note that the third term of the action (3.52) is the boundary term. This result has to be consistent with the upstair approach used in [14] where one regards space-time as the smooth manifold M 4 × S 1 subject to Z 2 symmetry. Then, in the framework of the five dimensional supergravity we can write the total action by
where S bulk is given by (2.8) and S boundary or S brane in the context of braneworld is given by
The bulk part of the action (3.52) can be rewritten as follows
After integrating (3.55) with respect to x 5 ∈ [−πR, πR], we finally get
In the above expressions we have set C = B 1/4 so that the covariant derivative in four dimensions becomes
and then used the spin connections in the metric background,
59)
and Sp(1)-connections,
The hyperino kinetic terms of the fermionic sector of the action (2.8) is given by
We assume that the fields are independent of the fifth coordinate so that derivative with respect to fifth coordinate vanishes. The ansatz for the hyperino (even fields),
and we obtain
The covariant derivative for the hyperino in four dimensions is given bỹ
Next we look at the gaugino kinetic terms
For gaugino, the procedure is similar to the hyperino terms and we then obtain
Finally, by combining the results of the bosonic and the fermionic sectors we get the low-energy effective action of N = 1 in four dimensions:
where the covariant derivative of the spinors are given by (3.58), (3.65) and (3.68).
Conclusions and Outlook
In this paper we have studied S 1 /Z 2 compactification of the ungauged N = 1 supergravity in five dimensions coupled to arbitrary vector multiplets and a hypermultiplet where the scalar fields span toric self dual Eintein spaces. The resulting theory is four dimensional N = 1 supergravity. In the bosonic sector we found that Kähler potential from the vector multiplets contribution has the form
and from hypermultiplets contribution are
Furthermore, we have derived the fermionic sectors of the four dimensional N = 1 theory. In general, our results confirm those in reference [2] , where the effective theory was obtained by compactification from five dimensional supergravity down to four dimensions in the context of Randall-Sundrum scenario.
It is also interesting to extend our scenario to the general case where the N = 2 scalar potential reduced to the N = 1 scalar potential in terms of holomorphic superpotential. Another problem is to cancel anomaly of the orbifold model and find the gauge group on two orbifold fixed points such that the gauge and the scalar fields residing on the boundaries can be supersymmetrized. This can be done by modifying the boundary action but also one has to modify the supersymmetry transformation laws in both boundary and bulk fields. This problem will be addressed elsewhere.
Note Added: During preparation of this manuscript we became aware of the independent work [15] which has some overlaps with our results.
A. Conventions and Notations
The purpose of this appendix is to collect our conventions in this paper. The spacetime metric is taken to have the signature (−, +, +, +, +) while the Ricci scalar is defined to be R = g µν 1 2 In this section, we derive the dimensional reduction of the bosonic part of the five dimensional supergravity action on S 1 . 8 The class of four dimensional theories obtained in this way are only a subclass of the general four dimensional N = 2 theories [17] . In general, we can choose the metric to be
where A and B are arbitrary functions. We havê
2)
The gravity term in the supergravity Lagrangian reduced to
where ∼ means equal up to a total derivative. The FF-term we are going to reduce is
In order to get the massless sector we divideF
). Then, we take Fourier expansion of this term and keep only the lowest order terms which should be independent of x 5 . We then have that 
The hypermultiplet sector reduce to 
C. Some detailed calculations of the fermionic sectors
The five dimensional spinor Ψ and its conjugate Ψ can be written into four dimensional form which are Ψ ≡ (ψ 
